We consider operator semigroups generated by Feller processes killed upon leaving a given domain. These semigroups correspond to CauchyDirichlet type initial-exterior value problems in this domain for a class of evolution equations with (possibly non-local) operators. The considered semigroups are approximated by means of the Chernoff theorem. For a class of killed Feller processes, the constructed Chernoff approximation leads to a representation of the solution of the corresponding Cauchy-Dirichlet type problem by a Feynman formula, i.e. by a limit of n-fold iterated integrals of certain functions as n → ∞. Feynman formulae can be used for direct calculations, modelling of underlying dynamics, simulation of underlying stochasstic processes. Further, a method to approximate solutions of time-fractional evolution equations is suggested. The method is based on connections between time-fractional and time-non-fractional evolution equations as well as on Chernoff approximations for the latter ones. This method leads to Feynman formulae for solutions of time-fractional evolution equations. A class of distributed order time-fractional equations is considered; Feynman formulae for solutions of the corresponding Cauchy and Cauchy-Dirichlet type problems are obtained.
Introduction
Classical results of Analysis and Stochastics provide deep connections between such mathematical objects as operator semigroups, evolution equations, path integrals and Markov processes. A strongly continuous operator semigroup (T t ) t 0 with a given generator L on a given Banach space X allows to solve an initial (or initial-boundary) value problem for the corresponding evolution equation ∂f ∂t = Lf with the initial value f 0 by the identity f (t) = T t f 0 . On the other hand, if (ξ t ) t 0 is a Markov process with generator L, the semigroup (T t ) t 0 defines transition probability P (t, x, dy) of this process by the formula T t f 0 (x) = f 0 (y)P (t, x, dy) = E x [f 0 (ξ t )]. The last expression gives a stochastic representation for the solution of the above mentioned evolution equation in X. A basic example is a ddimensional Brownian motion whose transition probability P (t, x, dy) is given by the Gaussian exponent P (t, Usually, however, the semigroup (T t ) t 0 or, respectively, the transition probability P (t, x, dy) is not known explicitly. One of analytical approaches to deal with unknown semigroups / transition probabilities is the use of the Chernoff Theorem (which is a very broad generalization of the classical Daletskii-Lie-Trotter formula). This theorem provides conditions for a family (just a family, not a semigroup!) of bounded linear operators (F (t)) t 0 to approximate the semigroup (T t ) t 0 with a given generator L via the formula T t = lim
n . This formula is called Chernoff approximation of the semigroup (T t ) t 0 by the family (F (t)) t 0 . The method of Chernoff approximation has the following advantage: if the family (F (t)) t 0 is given explicitly, the expressions [F (t/n)] n can be directly used for calculations and hence for approximation of solutions of corresponding evolution equations, for computer modelling of considered dynamics, for approximation of transition probabilities of underlying Markov processes and hence for simulation of these processes. Moreover, if all operators F (t) are integral operators with elementary kernels (or pseudo-differential operators with elementary symbols), the identity T t = lim n→∞ [F (t/n)] n leads to representation of the semigroup (T t ) t 0 by limits of n-fold iterated integrals of elementary functions when n tends to infinity. Such representations are called Feynman formulae. Feynman formulae have an additional advantage. Namely, the limits in Feynman formulae usually coincide with functional (or path) integrals with respect to probability measures (i.e., with Feynman-Kac formulae providing stochastic representations for solutions of the corresponding evolution equations) or with respect to Feynman pseudomeasures (i.e., with Feynman path integrals). Therefore, representations of evolution semigroups by Feynman formulae allow to establish new Feynman-Kac formulae and give an additional tool to calculate path integrals numerically. Note that different Feynman formulae for the same semigroup allow to establish relations between different path integrals. This leads, in particular, to some "change-of-variables" rules, connecting certain Feynman-Kac formulae and Feynman path integrals (see the papers [7, 20] ). In some particular cases, Chernoff approximation provides also a Markov chain approximating a given Markov process [9] , Euler scheme for the corresponding SDE [10] and can be interpreted as a numerical path integration method for solving related PDEs/SDEs [24] . It is worth to mention that the method of Chernoff approximation has a wide range of applications. For example, this method has been used to investigate Schrödinger type evolution equations in [31, 42, 69, 74, 77, 84, 86, 87] ; stochastic Schrödinger type equations have been studied in [35, 59, 60, 61] . Second order parabolic equations related to diffusions in different geometrical structures (e.g., in Eucliean spaces and their subdomains, Riemannian manifolds and their subdomains, metric graphs, Hilbert spaces) have been studied, e.g., in [7, 11, 12, 13, 14, 15, 16, 18, 19, 20, 21, 58, 70, 72, 73, 85, 88, 89, 96, 97] . Evolution equations with non-local operators generating some Markov processes in R d have been considered in [17, 20, 22, 23] . Evolution equations with the Vladimirov operator (this operator is a p-adic analogue of the Laplace operator) have been investigated in [79, 80, 81, 82, 83] . Feynman formulae as a method of averaging of random Hamiltonians have been discussed in [62, 63] . In the present note, the method of Chernoff approximation is applied to investigation of initialexterior value problems for evolution equations with non-local operators in a given subdomain G of R d . Such problems correspond to governing equations for Feller processes, killed upon leaving the domain G. For a special class of killed Feller processes, solutions of the corresponding initial-exterior problems are represented by Feynman formulae.
Fractional derivatives are natural extensions of their integer-order analogues (see, e.g., [55, 78] ). Evolution equations with partial derivatives of fractional order (fractional evolution equations), in particular, time-(and, possibly, space-) fractional diffusion equations (modelling anomalous diffusion) have been applied to problems in physics, chemistry, biology, medicine, finance, hydrology and other areas (see, e.g., [50, 52, 53, 55, 78] and references therein). Many time-fractional evolution equations serve as governing equations for stochastic processes. However, the processes, whose marginal density function evolves in time according to a given timefractional evolution equation, are usually non-Markovian (and hence, there is no semigroup structure behind the equation) and are non-uniquely defined by this marginal density function (therefore, very different stochastic representations for a solution of a given fractional evolution equation are possible, see, e.g., [1, 38, 57] ). The absence of the semigroup property for solutions of time-fractional evolution equations does not allow to apply the method of Chernoff approximation for such equations directly. Nevertheless, several relations exist between time-fractional and "standard" (time-non-fractional) evolution equations: via a kind of subordination (see, e.g., [3, 52, 57, 71, 76] ) and via higher order operators (see, e.g., [4, 32, 64, 65, 66] ). These relations allow to construct some approximations for solutions of such time-fractional evolution equations via Chernoff approximations for solutions of some related "standard" evolution equations. In this note, we present approximations for solutions of (a class of) time-fractional evolution equations using their connection to time-nonfractional equations via a kind of subordination. In particular, Feynman formulae are obtained for solutions of Cauchy and Cauchy-Dirichlet problems for distributed order time-fractional diffusion equations.
Notations and preliminaries
Let Q be a locally compact separable metric space. The set of all bounded continuous functions ϕ on Q such that 
2.1. Chernoff theorem and Feynman formulae. In the sequel, the following version of the Chernoff theorem is used (cf. [27, 28] ).
Theorem 2.1. Let (F (t)) t 0 be a family of bounded linear operators on a Banach space X. Assume that
e wt for some w ∈ R and all t 0, (iii) the limit Lϕ := lim t→0
Then the semigroup (T t ) t 0 is given by
for all ϕ ∈ X, and the convergence is locally uniform with respect to t 0.
The formula (2.1) is called Chernoff approximation of the semigroup (T t ) t 0 by the family (F (t)) t 0 . Any family (F (t)) t 0 , satisfying the assumptions (i)-(iii) of the Chernoff theorem 2.1 with respect to a given semigroup (T t ) t 0 , is called Chernoff equivalent to this semigroup. Definition 2.1. A Feynman formula is a representation of a solution of an initial (or initial-boundary) value problem for an evolution equation (or, equivalently, a representation of the semigroup solving the problem) by a limit of n-fold iterated integrals of some functions as n → ∞.
One should not confuse the notions of Chernoff approximation and Feynman formula. On the one hand, not all Chernoff approximations can be directly interpreted as Feynman formulae since, generally, the operators (F (t)) t 0 do not have to be neither integral operators, nor pseudodifferential operators. On the other hand, representations of solutions of evolution equations in the form of Feynman formulae can be obtained by different methods, not necessarily via the Chernoff Theorem. And such Feynman formulae may have no relations to any Chernoff approximation, or their relations may be quite indirect (see, e.g., Feynman formulae (4.1), (4.7), (4.8), (5.3), (6.3) below).
Feller semigroups and their Chernoff approximation.
In this subsection, we follow the exposition of [2] and [8] . The set X := C 0 (Q) is a Banach space endowed with the supremum-norm. A semigroup of bounded linear operators (T t ) t 0 on the Banach space X is called Feller semigroup if it is a strongly continuous semigroup, it is positivity preserving (i.e. T t ϕ 0 for all ϕ ∈ X with ϕ 0) and it is sub-Markovian (i.e. T t ϕ 1 for all ϕ ∈ X with ϕ 1). Its generator (called Feller generator ) is defined by Lϕ := lim t→0
Ttϕ−ϕ t exists in X . Let (Ω, F, P) be a probability space with a filtration (F t ) t 0 , and let (ξ t ) t 0 be a temporally homogeneous Markov process with state space (Q, B(Q)), where B(Q) is the Borel sigmaalgebra of Q. The process (ξ t ) t 0 is called Feller process if its transition 
(this assumption is quite standard and holds in many cases, see, e.g., [8] ). Then we have also
and each x ∈ R d by the following formula:
where Hess ϕ is the Hessian matrix of second order partial derivatives of ϕ; as well as
And this operator is non-local if N = 0. This class of generators L includes, in particular, fractional Laplacians L = −(−Δ) α/2 and relativistic Hamiltonians
with the symbol −H such that 
If the symbol H depends on both variables x and p then (T t ) t 0 are again PDOs. However their symbols do not coincide with e −tH(x,p) and are not known explicitly. The family (F (t)) t 0 of PDOs with symbols e −tH(x,p) is not a semigroup any more. However, this family is Chernoff equivalent to (T t ) t 0 . Namely, the following theorem holds (see [22] ): 
Assume that the function H(x, p) is such that the PDO with symbol
−H defined on C ∞ c (R d ) is closable and the closure (denoted by (L, Dom(L))) generates a strongly continuous semigroup (T t ) t 0 on X = C 0 (R d ). Con- sider now for each t 0 the PDO F (t) with the symbol e −tH(x,p) , i.e. for ϕ ∈ C ∞ c (R d ) F (t)ϕ(x) = (2π) −d R d R d e ip·(x−q) e −tH(x,p) ϕ(q)dqdp.
Then the family (F (t)) t 0 extends to a strongly continuous family on X and is Chernoff equivalent to the semigroup (T t ) t 0 .
Note that the extensions of F (t) are given by integral operators:
where, for each x ∈ R d and each t 0, the sub-probability measures ν x t are given via their Fourier transform 
where ∂ denotes a cemetery point (the point ∂ provides an one-point compactification G := G ∪ {∂} of G). We say that a boundary point x ∈ ∂G is regular for G if P x (τ G = 0) = 1. We say that G is regular if every point x ∈ ∂G is regular. Note, that, due to Theorem 2.2. of [26] , if a boundary point x ∈ ∂G satisfies the external cone condition, then it is regular for the case when (ξ t ) t 0 is symmetric α-stable. In particular, any Lipschitz domain is regular in this case. Let (ξ t ) t 0 be a doubly Feller process on R d and G be regular.
is described in Proposition 2.1 below (cf. Thm. 2.3 and Lemma 2.6 in [2] ). Note that each element ϕ ∈ Y can be extended by zero outside G; this extension is again denoted by ϕ and belongs to the space X.
the limit in (2.2) exists locally uniformly on G (i.e., uniformly with respect to
where L is the integro-differential operator given by the formula (2.3).
Remark 2.2. (i) The abstract Cauchy problem in Y for the evolution equation
can be interpreted as the following Cauchy-Dirichlet type initial-exterior value problem (such problems are discussed, e.g., in [30] , see also [39] for the stationary case):
And the function f (t,
such that ϕ 1 and ϕ 2 coincide on G and on some neighbourhood of x, one has Lϕ 1 (x) = Lϕ 2 (x). For example, consider the integro-differential operator L given by (2.3) with N (x, dy) such that
The integral part of such operator L gives rise to the so-called censored processes in G, cf. [6, 75] . If L is local outside G, the abstract Cauchy problem in Y for the evolution equation 
And again the function f (t,
2.4. Time-fractional Fokker-Planck-Kolmogorov equations. There exist many different notions of fractional derivatives. The Caputo (or Caputo-Dzhrbashyan) fractional derivative of order β, β ∈ (0, 1), is defined for a differentiable function u by
where Γ is the Euler's Gamma-function. Note that if U is the Laplace transform of u, then the Laplace transform of the Caputo derivative
One generalizes the notion of Caputo derivative and considers the so-called distributed order fractional derivative D μ with the order μ determined by a finite Borel measure μ defined on the interval (0, 1) and such that μ(0, 1) > 0 (cf. [41, 44, 48, 93] ):
If μ is the Dirac delta-measure δ β 0 concentrated at a point β 0 ∈ (0, 1), we return to Caputo fractional derivative of β 0 −th order. Different other properties of the operator D μ can be found,e.g., in [91] . We are interested now in distributed order time-fractional evolution equations of the form
where D μ is the distributed order fractional derivative with respect to the time variable t and L is the generator of a strongly continuous semigroup (T t ) t 0 on some Banach space (X, · X ) of functions of the space variable x. Equations of such type are called time-fractional Fokker-PlanckKolmogorov equations (tfFPK-equations) and arise in the framework of continuous time random walks (CTRWs) and fractional kinetic theory ( [33, 52, 56, 90, 98] ). As it is shown in papers [37, 38, 54] (see also papers [3, 34, 49, 51, 94] for the case μ = δ β 0 , β 0 ∈ (0, 1)), such tfFPK-equations are governing equations for stochastic processes which are weak limits of certain sequences or triangular arrays of CTRWs. These limit processes are actually time-changed Lévy processes, where the time-change arises as the first hitting time of level t > 0 (or, equivalently, as the inverse process) for a mixture of independent stable subordinators with some mixing measure μ. Existence and uniqueness of solutions of initial and initial-boundary value problems for such tfFPK-equations are considered, e.g., in [92, 95] .
Recall that a process (D β t ) t 0 with β ∈ (0, 1) is β-stable subordinator if it is a one-dimensional Lévy proces with almost surely non-decreasing paths such that the corresponding Bernstein function is f (s) := s β (see, e.g., Section 3.9 of [40] for the definitions). For a given finite Borel measure μ with supp μ ∈ (0, 1), consider the function f μ given by
It is a Bernstein function given by (cf. formula (3.246) of [40] ): 
, and p μ (t, x) = 0 for all x < 0. The marginal density function p μ (t, x) has many nice properties (see Lemma 2.4 and Lemma 2.5 in [36] ; for the case μ = δ β 0 , β 0 ∈ (0, 1), see also [47, 29] ). In particular, p μ ∈ C ∞ ((0, ∞) × (0, ∞)). In the sequel, we need the following simple property of p μ :
P r o o f. Choose arbitrary ε > 0 and T > 0. Consider R > 0. We have for all t ∈ [0, T ]:
The marginal density function p μ (t, x) allows to represent solutions of Cauchy problems for distributed order tfFPK-equations of the form (2.10) in the following way (cf. Thm. 3.2 in [37] and Thm. 4.2 in [54] ):
be the generator of a uniformly bounded, strongly continuous semigroup
. Let μ be a finite Borel measure with supp μ ∈ (0, 1). Then the family of linear operators (T t ) t 0 from X into X given by 
This result shows that solutions of time-fractional evolution equations are a kind of subordination of solutions of the corresponding time-nonfractional evolution equations with respect to "subordinators" (E μ t ) t 0 . And respectively, if a time-non-fractional evolution equation is a governing equation for a Markov process then the related time-fractional evolution equation is a governing equation for a (already non-markovian) process which is a "subordination", i.e. a time-change of this Markov process by means of (E μ t ) t 0 . The non-Markovity of the resulting process corresponds to the fact that the family (T t ) t 0 is not a semigroup any more. Note also that some other types of time-fractional evolution equations have a similar "subordination-like" structure of solutions (see [57, 71] ).
Remark 2.3. The results described above in the setting of the distributed order fractional derivative can be further generalized (see [45] ): in the same way as one assignes the Caputo derivative of order β to a β-stable subordinator and distributed order fractional derivative D μ to the subordinator D μ t , one assignes a suitable integro-differential operator to an arbitrary subordinator with some Bernstein function f .
Chernoff approximation of semigroups generated by some killed Feller processes
Let X = C 0 (R d ). Let (ξ t ) t 0 be a Feller process on R d , (T t ) t 0 be the corresponding Feller semigroup and (L, Dom(L)) be its generator. Let a family (F (t)) t 0 of bounded linear operators on X be Chernoff equivalent to the semigroup (T t ) t 0 . Therefore, F (t) e wt for some w ∈ R and all t 0, and there exists a core D for the operator (L, Dom(L)) such that lim t→0 Our aim is to construct a family (F o (t)) t 0 of bounded linear operators on Y which is Chernoff equivalent to (T o t ) t 0 . We would like to obtain the family (F o (t)) t 0 by a proper modification of the family (F (t)) t 0 which is Chernoff equivalent to the semigroup (T t ) t 0 on X. A natural suggestion would be to consider the family (F o (t)) t 0 such that
However, such operators F o (t) do not map Y into Y and zero extensions of ϕ ∈ Dom(L o ) typically do not belong to Dom(L). Therefore, we construct below a proper modification of the formula (3.1) suitable for the application of the Chernoff theorem. To this aim, we need some preparations.
Assumption 3.1. We assume that there exists a set
(iii) the mapping E is linear; (iv) the mapping E preserves the supremum norm, i.e. 
Lϕ(x) = −C(x)ϕ(x) − B(x) · ∇ϕ(x) + tr(A(x) Hess ϕ(x)), (3.2)
where the coefficients A, B and C are of the class C
Assume that the coefficients A, B, C are such that the set C 
where L 1 is the differential operator given by formula (3.2) and L 2 is the integral part 
Since L is a non-local operator, Assumption 3.1 (vi) is not fulfilled automatically. And, for each ϕ ∈ D o and each x ∈ G, we have 
One can take as K, e.g., a ball B R (x 0 ) such that its center x 0 ∈ G and its raduius R > 2 diam U . 
Consider now a continuous monotone function s
where the given family (F (t)) t 0 is Chernoff equivalent to the semigroup (T t ) t 0 on X generated by (L, Dom(L)) and F (0)ϕ = Lϕ for all ϕ ∈ D.
. If the family (F (t)) t 0 is strongly continuous on X then the family (F o (t)) t 0 is strongly continuous on Y .
Let us show the strong continuity of the family (F o (t)) t 0 under assumption that the family (F (t)) t 0 is strongly continuous on X.
|ϕ(x)| = 0, due to strong continuity at zero of the family (F (t)) t 0 on X and uniform continuity of ϕ on the compact G \ G s(t) . Second, for each t * > 0 and each
due to strong continuity of the family (F (t)) t 0 on X and propersties of the family φ s(t) t>0 . Hence the lemma is proved. 
for each ϕ ∈ Y locally uniformly with respect to t 0.
P r o o f. Due to Lemma 3.1, we have F o (t) : Y → Y and F o (t) F (t)
e wt for some w ∈ R and all t 0. Therefore, it is sufficient to show that
Indeed, lim t→0
. And, by the construction of s(t),
. Thus, Theorem is proved. 
Feynman formula for semigroups generated by some killed Feller processes
Under assumptions of Section 3, we have constructed in Theorem 3.1 the Chernoff approximation (3.6), where the family (F o (t)) t 0 is given by formula (3.5). In the present Section, we conider the particular case of family (F o (t)) t 0 which is constructed throught the family (F (t)) t 0 of Theorem 2.2. We show that, in this particular case, one may substitute the operators F o (t) in the right hand side of (3.6) by "nicer" operators given by formula (3.1). This substitution leads to a Feynman formula representation of the semigroup (T o t ) t 0 . However, the price for using a nicer family is the convergence in a weaker sense in the equality (3.6). The result is presented in the following theorem: 
Let the symbol −H of L satisfy the assumptions of Theorem 2.2 and the mapping (x, p) → H(x, p) be continuous on
And the convergence in (4.1) is locally uniform with respect to x 0 ∈ G and uniform with respect to t ∈ (0, t * ] for all t * > 0.
P r o o f. Consider the family (F (t)) t 0 given on X by (2.5). By Theorem 2.2, this family is Chernoff equivalent to (T t ) t 0 . Then, by Theorem 3.1, the family (F o (t)) t 0 , constructed from the family (F (t)) t 0 in (2.5) through the formula (3.5), is Chernoff equivalent to the semigroup (T o t ) t 0 . Hence F o (0) = Id and for all t > 0 and all ϕ ∈ Y
Therefore, we have uniformly with respect to x 0 ∈ G and uniformly with respect to t ∈ (0, t * ] for all t * > 0
Since all φ s(t) are smooth functions with compact supports in G and E(ϕ) is a continuous function with compact support K := supp E(ϕ), the n-fold iterated integrals over R d in (4.2) coincide with the following n-fold iterated integrals
Consider also the following expression:
Let us show that for all t > 0 and all x 0 ∈ G holds
And the convergence in (4.4) is locally uniform with respect to x 0 ∈ G and uniform with respect to t ∈ (0, t * ] for all t * > 0. So, consider a number t * > 0 and a compact Υ ⊂ G. Let x 0 ∈ Υ and t ∈ (0, t * ]. Then,
Let us estimate each of the summands separately. Denote the first summand by J ϕ n (t, x 0 ) and the second by I ϕ n (t, x 0 ). We have
Let us show that sup
is a continuous function with respect to (t, x, p) ∈ [0, ∞) × R d × R d (due to our assumption on continuity of (x, p) → H(x, p)), it follows from the properties of the Fourier transform (cf. Thm. 3.5.14 of [40] ) that for any t 0 ∈ [0, ∞) and any x 0 ∈ G holds
Further, consider the compact set K :
Due to (4.5), for any ε > 0 and any (t 0 , x 0 ) ∈ K there exists an open ball
is an open cover of the compact set K and, in particular,
and any x ∈ G there exists a ball U ε
. Hence we have due to (4.6)
since ν x * 0 is the Dirac delta-measure concentrated in x * ∈ G and x * / ∈ supp ζ. Choose now ε := which was chosen before the construction of the set G δ . Choose n ∈ N such that t * /n < t . Therefore, we have for all
Therefore, lim , where the function r :
Then, the family (F (t)) t 0 in (2.5) has the following view (measures ν x t correspond to the convolution of Gaussian measures and measures η t ):
Therefore, by Theorem 4.1, the following Feynman formula holds for all ϕ ∈ Y , x 0 ∈ G:
And the convergence in this Feynman formula is locally uniform with respect to x 0 ∈ G and uniform with respect to t ∈ (0, t * ] for all t * > 0.
(ii) Let additionally N (dy) ≡ 0, i.e. η t = δ 0 for all t 0. Then the family (F (t)) t 0 given in (2.5) has the following view: F (0) := Id and for all t > 0 and all ϕ ∈ X
Therefore, the corresponding semigroup (T o t ) t 0 can be approximated via the following Feynman formula (cf. [19] ):
dx 1 · · ·dx n for each ϕ ∈ Y , each x 0 ∈ G and each t > 0. The convergence in the Feynman formula (4.8) is locally uniform with respect to x 0 ∈ G and uniform with respect to t ∈ (0, t * ] for all t * > 0. 
(4.9) where E x is the law of the (starting in x ∈ G) diffusion process (ξ t ) t∈ [0,T ] with the variable diffusion matrix A and drift −B. Hence, finite-dimensional integrals in the Feynman formula (4.8) give us an approximation to the functional integral in the Feynman-Kac formula (4.9) and this approximation contains only integrals of elementary functions and does not contain transition densities of the diffusion process.
Approximation of solutions and Feynman formulae for time-fractional Fokker-Planck-Kolmogorov equations
In this section, we consider the Cauchy problem (2.12), where D μ is the distributed order fractional derivative with respect to the time variable t and L is the generator of a uniformly bounded strongly continuous semigroup (T t ) t 0 on some Banach space (X, · X ). For each f 0 ∈ Dom(L), the function f (t) := T t f 0 , where (T t ) t 0 is given by (2.11), solves this Cauchy problem by Theorem 2.3. Assume now that the semigroup (T t ) t 0 is not known explicitly but is already Chernoff approximated. We have no chances to construct Chernoff approximations for the family (T t ) t 0 which is not a semigroup. Nevertheless, the following is true.
. Let μ be a finite Borel measure with supp μ ∈ (0, 1) and the family (T t ) t 0 be given by formula (2.11) 
Then it holds locally uniformly with respect to t 0 that
P r o o f. Take any T > 0 and any ε > 0. Due to Lemma 2.1, there exists R T,ε > 0 such that
due to the fact that the convergence in the Chernoff theorem is locally uniform with respect to the time variable. Since ε > 0 was chosen arbitrary, the statement follows. 2
Remark 5.1. Assume that the semigroup (T t ) t 0 , whose generator L stands in the right hand side of the tfFPK-equation in (2.12), corresponds to a Markov process (ξ(t)) t 0 . Then this tfFPK-equation is a governing equation for the stochastic process (ξ(E μ t )) t 0 which is the time-change of (ξ(t)) t 0 by means of the inverse subordinator (E μ t ) t 0 . And the function
solves the Cauchy problem (2.12) (cf. Theorem 3.6 in [37] , see also [3, 47, 91, 95] ). Since the process (ξ(E μ t )) t 0 is not Markov, its marginal density function (together with the initial distribution) does not determine all finite dimensional distributions of the process. And there exist many different processes with the same marginal density function. Hence there exist many other stochastic representations for the function f (t, x) in formula (5.2) (see, e.g., Thm 3.3 in [1] , Cor. 3.4 in [4] and results of [65] ). Furthermore, the considered tfFPK-equations (with μ = δ β 0 , β 0 ∈ (0, 1)) are related to some time-non-fractional evolution equations of hihger order (see, e.g., [4, 66] ). Therefore, the approximations f n constructed in Theorem 5.1 can be used simultaneousely to approximate path integrals appearing in different stochastic representations of the same function f (t, x) and to approximate solutions of corresponding time-non-fractional evolution equations of hihger order. 
where (L, Dom(L)) is a Feller generator in X. In Section 3, we have constructed Chernoff approximation (3.6) (given by the family (F o (t)) t 0 of (3. solving the Cauchy-Dirichlet type problem (6.1). Nevertheless, we follow in the sequel the strategy of Section 4 and, instead of Chernoff approximation (3.6), we consider a "nicer" Feynman formula (6.3) which, however, is not suitable for Theorem 5.1 due to weaker convergence of the right hand side of (6.3). Hence we have to adopt the results of Theorem 5.1 for this weaker type of convergence. This is done in the following theorem. 
